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INTRODUCTION 
Throughout this article a ring will mean an integral domain. 
DEFINITION 1.1. A ring A is said to be Euclidean if there exists a map p 
of the nonzero elements of A into the set N of nonnegative integers such that 
given a, b in A, b # 0, there are c and din A such that a = bc + d and either 
d = 0 or v(d) < v(b). We then also say that A is Euclidean with respect to the 
algorithm v. 
The main interest of a Euclidean ring is that it is principal and that a matrix 
with entries in it can be diagonalized by means of elementary row and column 
operations. 
We now give an important criterion that will be used very often to show 
that a ring is Euclidean with respect to a multiplicative function. A similar 
criterion is valid for additive functions also. 
LEIWA 1.1. Let q~ be an integer-valued multiplicative function defined on 
the non.zero elements of A. Let K be the quotient field of ,4 and write vl(a/b) = 
v(a)/v(b) for all nonxero a/b in K, where a, b are in A. Then A is Euclidean with 
respect to p ;f and only if given a/b in K - A, there exists c in A such that 
d(al4 - cl -c 1. 
Classical Proof. The theory of Euclidean rings has been studied exten- 
sively by Samuel [59]. We will state without proof an important property of 
Euclidean rings that is very useful for our purpose. 
PROPOSITION 1.1 [59, Proposition 71. Let A be Euclidean for v, where 9, 
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satisfies v(a) < p(ab) for all a, 6 in A - (0). Let M be a multiplicative saturated 
subset of A such that 0 is not in M. Then A, , the quotient ring of A with respect 
to M, is Euclidean for p’M defined by qw[(m&J a’] = q(a’), where (mJmp) a’ 
is a representation of an element a # 0 of A, such that m, , m2 are in M and a’ 
in A prime to all elements of M. 
Yaw we would like to outline some well-known classical results. Let 
K = Q(d)1/2 be a quadratic number field, where Q is the field of rational 
numbers and d is a square free integer. Suppose that A is the integral closure, 
in K, of the ring of integers Z. Chatland and Daveport [13] have shown that 
there are precisely 21 values of d for which A is Euclidean with respect to the 
norm function n(a) = Nx,,(a) = car ina i 3 d 1t of A/Au, a f 0. In [59], 
Samuel has asked whether or not there are other values of d for which A is 
Euclidean with respect to any other algorithm. He then shows that the answer 
is no in the imaginary quadratic case but the question is still open for the real 
quadratic case. 
In [I], Armitage has considered the question of Euclidean algorithm for 
function fields of the type K = k(x) (f (x))i:s, where k is a finite field of 
characteristic #2, and f (x) is a square free polynomial in k[x]. In the imagin- 
ary (respectively real) case, he has shown that A, the integral closure of k[x] 
in K, is Euclidean with respect to the norm function if and only if the degree 
off(x) is 1 (respectively 2). The general case of genus 0, where k is finite or 
infinite, has been taken up by Samuel [59]. 
Let K be either a finite extension of the rational numbers or a function 
field of one variable over any exact constant field k. Let S be a finite non- 
empty subset of the set X, where X consists of all archimedean and non- 
archimedian primes of K, containing all archimedean prime divisors. Let gj 
denote the valuation ring of a nonarchimedean prime/ of K and consider the 
ring 9(X - S) = npEx--s sj , which is known to be Dedekind. But under 
certain conditions it is principal. For the number fields there always exists a 
finite set S such that 3(X - S) is p rincipal. For the function fields this is 
so if the group of divisor classes of degree zero is finitely generated and there 
is a large number of function fields satisfying this hypothesis, as shown by the 
Mordell-Weil Theorem (see [45]). This gives rise to a natural question, 
asked by MacRae, about the existence of a finite set S such that 9(X - S) 
is Euclidean. 
Madan and Queen [47] formulated the problem for function fields in the 
language of adeles and showed that for alliptic function fields with finite 
exact constant field the answer is yes. Employing an elementary method of 
approximations we get the following results. 
THEOREM 2.2. Let K be a function field of one variable over any exact 
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constantfield k. Let A be an order of K with respect o k[x] for some x in K - k. 
Then there exists an explicitly computable constant integer s > 0 such that if M 
is the multiplicative subset of k[x] generated by all prime polynomials of degree 
<s then A, is Euclidean with respect o the degree. 
THEOREM 2.3. Let K be a function Jield of one variable over any exact 
constant field k. Let X be the Riemann surface of K over k. Then there exists an 
explicitly computable constant integer c > 0 and a nonempty set S(c) = 
{+ in X: d(lli) < c} such that the ring 9(X - S(c)) is Euclidean with respect o 
the degree function d. 
COROLLARY 2.1. Let the groundfield k beJinite in Theorem 2.3. Then the 
set S(c) is Jinite and thus there is a proper open set 9 = X - S(c) of the 
Riemann surface X such that 9(X - S(c)) is Euclidean. 
THEOREM 3.2. Let K be a numberjeld. Let A be an order of K. Then there 
exists an explicitly computable constant integer s > 0 such that if M is the 
multiplicative subset of Z generated by all primes \cs, then A, is Euclidean 
with respect to the norm. 
THEOREM 3.3. Let K be a number field. Then there exists an explicitly 
computable integer c > 0 such that if S( c contains all primes of K of norm <c ) 
and all archimedean primes, then 9(X - S(c)) is Euclidean moth respect o the 
norm. 
The constants c and s occuring in the preceding theorems are explicitly 
computable from an equation giving the function field or the number field. 
Around the time these investigations were finished, we were informed 
that Queen [55] had proven results similar to Corollary 2.1 and Theorem 3.3, 
employing entirely different methods. O’Meara [51] also informed us that he 
has obtained results similar to those of Queen. 
The substance of this paper formed part of author’s Ph.D. dissertation 
at the University of Colorado. I am deeply indepted to Prof. Robert MacRae, 
my thesis advisor, for his advice and numerous stimulating conversations. 
I am also thankful to Prof. Pierre Samuel for his interest in the problem and 
many useful suggestions. 
2. THE FUNCTION FIRLD CASE 
DEFINITION 2.1. We say that a field K is a function field of one variable 
with exact constant field k if K is a finitely generated extension of k such that 
the transcendence degree of K over k is 1 and k is algebraically closed in K. 
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Throughout Section 2, by a function field K/k we will mean a function 
field in one variable with exact constant field k. 
DEFINITION 2.2. The Riemann Surface of K/k is the set X of all + such 
that +z is a maximal ideal of some nontrivial valuation ring 9+ of K/k. The 
elements of X are called the prime divisors of K/k. 
DEFINITION 2.3. The weakest T,-topology on X is called the Zariski- 
topology on X. 
DEFINITION 2.4. The degree of a prime divisor fi of Kjk is defined to be 
[9+#: k]. It is denoted by d(j) and is always finite. 
DEFINITION 2.5. An order of a function field K/k with respect to k[x], 
where .t’ is transcendental over k, is an integral extension of k[x] having K as 
its quotient field. 
Let A be a subring of a function field K/k such that k is contained in A 
and K is a quotient field of A. 
DEFINITION 2.6. The degree d,(a) of a nonzero element a of A is defined 
to be the number [A/Au: k]. 
The function dA depends only on the integral closure A’ of A, i.e., dA = d,,; 
for, in the inclusion diagram 
Aa’ - A’ 
the quotients A’/A and A’a/Aa are isomorphic finite dimensional vector 
spaces over k. Thus, it is sufficient to compute dg(a) for an integrally closed 9, 
which is necessarily of the form 9 = .9(X - S). 
We will denote dg by d and give a useful formulation of this by: 
PROPOSITION 2.1. Let K be a function field of one variable over an exact 
constant field k. Let S be a nonempty subset of X. Then for every nonzero element 
a inG=29(X-S) 
d(u) = [--$ : k] = - #Ts ord+(a) 
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where 
and ord&) = c&4). 
Proof. Since K is a product formula field, 
c ord/(a) = 0 
liOX 
and thus 
d(a) = [$ : A] = ,J’, ord/(a) = - & ordk(a). 
We proceed by proving a few results needed for the proof of our main 
theorems. 
LEMMA 2.1. Let 01, /3 be two polynomials in k[x] with deg /3 - deg 01= r > 1. 
Then there exists a polynomial u in k[x] of degree r and a in k such that in the 
expression 
U 
--- 
; u=z 
(2.1) 
atehavedegfi-degcL,>r+l. 
Proof. Let 
and 
,t~ = b,x” + bn-&+l + *.. + b,x + b, . 
Let a be any nonzero element of k. Now determining of u = 
c+F f c,$-1 + ... + clx + co satisfying (2.1), is equivalent to finding 
the values of c, , c,-~ ,..., co . Therefore, we consider 
U u _ xn-? + an+.--lxn-‘-l + *** + a,x + a0 -7-z 
; u nr b,xn + bn--lxn-l + ... + b,x + bo 
U 
- 
c,x+ + c,-lx’-l + - -* + ClX + cl) 
= (C,U,+~ - ab,) xn + (CA-~-~ + c,-lan-r - &+J x-l + e-0 
U 
Writing that the coefficients of x6 vanish for n - r < i ,( n, we get a system 
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of r + 1 equations in ci’s for 0 <j < r that is triangular, and therefore 
solvable. 
LEMMA 2.2. Let OL and p be two polynomials in k[x] with deg/3 > m > 1 
and deg fl > deg 0~. Then there exist polynomials ul ,..., u, and y, satisfying 
degfl-degor=degu,<degu,<***<degu,<m, such that in the 
expression 
(2.2) 
we have deg p - deg o(,. 3 m. 
Proof. We prove the result by induction. The result is clearly true for 
m = 1 with y = 0. Let m > 2 and assume that it is true for all values 
<m - 1. We will show it for m. 
By induction hypothesis, there exist polynomials ur ,..., u,-~ and y’ such 
that in 
we have 
deg/I--degm=degzr,<degu,<**.<degu,-,<m-1 
and deg /3 - deg 01,~~ > m - 1. If deg p - deg ~1,~~ >,m, then we are 
through. Otherwise, by Lemma 2.1, there exists of polynomial u, of degree 
m - 1 = deg /3 - deg 01~~~ and a in k such that in 
%-1 a % --- 
B UT =urlg 
we have deg /3 - deg 01~ 3 m. Then 
satisfies (2.2). 
THEOREM 2.1. Let K be a function Jield in one variable over any exact 
constant $eld k. Let A be an order of K with respect to k[x] for some x in K - k. 
Let w, ,..., w, be a k[x]-basis of A. Let m be a positive integer and define 
s(m , j) = m + drn, 1) Mm 1) - 1) + . . . + s(m, j - 1) (s(m, j - 1) - 1) 2 2 
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inductively with respect j, where s(nz, 1) = [m(m - 1)]/2. Let M be the multi- 
plicatively closed subset of k[x] g enerated by the polynomials of degree <s(m, n). 
Then given 5 in K, there exist 8 in A and u in M such that 
ul+e+‘wl+ P 
. . . +iEwn (2.3) 
with ,8, 6i in k[x] and deg ai + m < deg p for 1 < i < n. 
Proof. Note, first. that every .$ in K can be written in the form 
5=Fw1 + ..* +zEw, 
with 0~~ , /3 in k[x] for 1 < i < n. Now, by the usual division algorithm, we 
can find an element en in A such that 
(-0 =a, +...+m 
n B’ B % 
with yi in k[x] and deg yi < deg p for 1 < i < n. We can suppose that 
deg /I > s(m, n), for, otherwise ,$ - On is in A, and u = ,k? and 
e=Ben+Ylwl+*** + y,,w,, satisfy (2.3). Without loss of generality, we 
can also assume that deg p - deg yn < s(m, n). Then, by Lemma 2.2, there 
are u, in M and yn‘ in k[x] such that in the expression 
we have deg/3 - deg Y,,~ > s(m, n). 
Consider 
I 
~-e,-Y”w,A.wl+...+ Yn1 
% B 
Yn-1 wnml + 2 
B %B 
% 
1 
= - 
( 
%Yl -q %Yn-1 
%I B 
+ . . . 4 
B 
W,-l + y W”) . 
Let 
En-1=un(4-en--weu,) % 
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and find, by usual division algorithm, 8,-r in A such that 
with deg yi,r < deg /3 for 1 < i < n - 1 and deg yn,r + s(m, n) < deg /3. 
If deg B - deg Y,+~.~ > s(m, n - l), take y;r = 0 and u,-r = 1. 
Otherwise, by Lemma 2.2, we can find u,-~ in M of degree < 
[s(m, n - 1) (~(m, n - 1) - 1)]/2 and yh-r in K[x] such that in the expression 
Yn-11 6-l Ya-12 L--EL 
B an-1 %-1P 
we have deg yn-.r.:! + s(m, n - 1) < deg/?. 
Consider 
r,-, - en-, - rb-1 wn-I 
%-1 
Yl 1 =-.w A... Yn-12 Yn 1 
B 
1 b 
+ Yn-r.l wnb2 + A 
B %-lb 
w’,-1 f A w 
B n 
1 
Z-Z-- 
( 
%-1Yl.l & . . . 
Wl 8 
%-on-2.1 
%2-l B + P 
%z 2 
+ Yn-1,2 wnel + %-1Yn 1 
B 
I w 
B ) 
12 . 
Let 
en-, = 24,-l (en-, - &z-l - & %-1) 
and find, by usual division algorithm, Bnp2 in A such that in the expression 
g- -e- -Y1.2w +...+Yn-1.8,o- +!s=oQw 
-n 2 n2 
B l B 
7ll 
B n 
wehavedegyiV,<degj3for l<i<n-2, 
deg Y,+~.~ + 4~ 12 - 1) < deg B 
and 
deg(u,-ly,J + 4~ n - 1) < deg 8. 
Proceeding in this way, we can find 
u = u’lu, *** II, in M 
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and 0 = uluz ... u,&,hl + ‘Yn’f%) + %Uz *** u,-&&en-1 + rh-1%-l> + 
..* + (ur& + n’wJ in A, such that 
with Si , /I in k[x] and deg Si + m < deg p for 1 < i < n, whence the theo- 
rem. 
Now we know that k[xlM is Euclidean with respect to the function JP~ 
defined by q~&ur/ua) 01’1 = deg OL’, where (z&a) 0~’ is a representation of an 
element 01 of k[x’JM with u1 , ua in 34 and 01’ in k[x] prime to all elements of M. 
If follows from the definition that vAq(+?) = T,~(oL) + ~,&I) for all OL, p in 
k[xl~w - WI. 
Now, let A be an order of K with respect to k[x]. Consider the quotient 
ring A, . 
DEFINITION 2.7. For each nonzero 01 in A, , set e(m) = p,,&VKIk(x)(a)). 
If 01, p are nonzero elements of A, , then e(g) = e(a) + @3) can be easily 
seen. 
This and the fact that every nonsero element f of K can be written in the 
form E = a//3 with 01, /3 in A - {0}, allows us to extend 8 on K by setting 
4(f) = wd - wo. 
Remark 2.1. Let + be a prime divisor of K. If il; n k[x] = (p(x)), the 
norm of /z is defined to be NO;) = p(x)fb, where fj+ = [.9+/j: k[x]/(p(x))]. 
The function N can be extended to the group of divisors of K. It is well- 
known that N((ol)) = (;V K,k(s)(~)). Now if A is an order of K with respect to 
k[x], which is integrally closed, then it can be shown that d(m) = r?(a) for all 01 
in A - (0). 
Proof of Theorem 2.2. We will proceed by showing that A, is Euclidean 
with respect to 0 of definition 2.7. Then, from Remark 2.1, the required 
result will follow. 
Let wr ,..., w, be a k[x]-basis of A. Now the norm of any element 
of K is of the form 
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where fvl...Yn(~) are in k[x] and independent of 01’s and jI. Let r = 
max.+n.,d~o~degh ,... &>> and c oose h an integer m such that nm > T. 
Let M be the multiplicative subset of k[x] generated by the nonzero prime 
polynomials of degree < s = s(m, n), where s(m, n) is as defined in Theorem 
2.1. 
By Lemma 1.1, we know that A, is Euclidean with respect to 0 if and only 
if given 5 in K - A, there exists a y in Aw such that 
Let E = (49 w1 f -.. + (G/S) w, . By Theorem 2.1, there exist u in M 
and a y in A, such that 
with & in k[x] for 1 < i < n and /3’ in k[x] prime to all elements of M and 
deg&+m<deg/Yfor 1 <i<n.Then 
by choice of m, whence the assertion. 
Proof of Theorem 2.3. Choose any x in K - k. Let A be an order of K 
with respect to k[x]. By Theorem 2.2, we can determine an integer s and a 
multiplicatively closed set M of k[x] such that A, is Euclidean with respect 
to the degree. Let S = {+ in X: either fi divides some prime polynomial of 
k[x] of degree 6 s or / divides (l/x)}. Let c = max+{d(j)} and S(c) = 
{+ E X: d(b) < c}. Then A, = fifiEx-s gfi, is Euclidean and hence 
Dedekind. Now nfiox-s(c) + .9 is a quotient ring of A, with respect to some 
multiplicative set and hence nlcexescc) 9+ is Euclidean with respect to the 
degree. 
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COROLLARY 2.2 If k is ajnitefield then the set S(c) isJinite and thus there 
is a proper open subset 4! = X - S(c) of the Riemann surface such that 
ww = nfiew g+ is Euclidean with respect to the degree. 
We now show how to calculate constant c occuring in the above theorem. 
Remark 2.2. Let K be a function field in one variable over any exact 
constant field k. Suppose that K is the function field of an irreducible curve 
given by 
yn +fn&> 4-l + ... Tfi(X)Y Tf&) = 0 (2.4) 
with fi(x) in k[x] for 0 < i < n - 1. We can always find such a curve. 
Now every element of K is of the form h, f Ary + *.a + A,-, y”-r with 
A, in k(x), 0 < i < n - 1. Consider 
where gvo .. . . . vn ,W = h, ,.... vnJ y. 9-.9 y,+J are in k[x] and h’s are symmetric 
polynomials in the roots y. ,..., ynel of Eq. (2.4). One shows [14, p. 4401, that 
the degree in f,+Jx),..., fo(x) of g’s is at most n - 1. Thus if I = 
maxi{deg fi(x)>, then deg gVO,...,V,-,(x) G (n - 1) I for all g’s. Now we 
may, choose an m as in Theorem 2.2 such that nm > (n - 1) Z, e.g., 
m = [1- (Z/n)] + 1 works. We already know n. This leads to the deter- 
mination of s(m, n) = s of Theorem 2.2 and thus c of Theorem 2.3. 
For elliptic and hyperelliptic function fields of the form K = k(x, y), 
m and set M of Theorem 2.2 have a very nice form, as shown by the following 
result. 
PROPOSITION 2.2. Let K = k(x, y), a function field in one variable over 
any exact constant fieId k, be given by y2 = f (x). Let A = k[x, y]. Then 
m = [degree off (x)/2], and ;f M is the multiplicatively closed subset of k[x] 
generated by polynomials of degree < [deg f (x)/2], then A, is Euclidean with 
respect he degree function. 
Proof. Note that every element of K is of the form (a,/b) + (al/b) y, where 
a0 , aI , and 6 are in k[x]. By usual division, we can find 13 in A such that 
(a,/b) + (a,/b) y - 13 = (a,‘/b) + (a,‘/b) y with deg ac’ < deg b for i = 0, 1. 
Now 
NK/k(d ( a,’ al’ -e-Y = b 1 
ah2 - ai2f (x) 
b2 ’ 
We will have 
deg(ah2 - aisf(x)) < deg b2 
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if 
i.e., if 
deg(&(x)) < deg b* 
i.e., if 
2 deg a,’ + degf(x) < 2 deg b 
deg a,’ + v < cleg b. 
By using polynomials of degree < [degf/2] = nz, we can have 
deg a1 + (degf/2) < deg 6. Then, if we take M to be the multiplicatively 
closed subset of k[3~] generated by polynomials of degree < [degf/2], as in 
Theorem 2.2, we find that A, is Euclidean with respect to the degree. 
COROLLARY 2.3 [47, Theorem B]. Let K be an elliptic function field over 
an finite exact constant field k, with characteristic f2. Choose any x in K - k. 
Let S be the set of prime divisors of K which either divide some linear polynomial of 
k[x] OY divide l/x. Then njEX--s 9+ is Euclidean with respect o the degree. 
Proof. In this case, K = k(x, y) with y2 = a cubic f (x). Then the set of 
M of the above proposition is generated by polynomials of degree 1 and 
hence, as in Theorem 2.3, the result follows. 
3. THE NUMBER FIELD CASE 
Let K be a number field, i.e., K is a finite algebraic extension of the rational 
numbers. 
DEFINITION 3.1. The set X of primes of K consisting of archimedean and 
nonarchimedean primes is called the canonical set. 
DEFINITION 3.2. A subring A of a number field K is said to be an order 
if A is an integral extension of Z having K as field of fractions. 
Let A be an order of K. 
DEFINITION 3.3. The Norm n(a) of a nonzero element a of A is defined 
to be the number of elements in A/Au. 
We proceed by proving a few results needed for the proofs of Theorems 
3.2 and 3.3. 
LEMMA 3.1. Let c/d be a rational number such that 1 cjd 1 < 4 and d > 0. 
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Let m be apositiwe integer such that [d/(m + l)] < 1 c 1 < [d/m]. Suppose that 
d > 2m2 - 1. Let c, = *[d/m] + +[d/(m + l)]. Then 
and 
implies 
sign of c f-- < 
1 
m m(m + 1) ’ 
(3 [&I -=c I c I -c cm 
implies 
sign of c f--- 
m+l ’ (m + l)l(rn + 2) . 
Proof. Let [d/m] = (d/m) - (rJm) and [d/(m + I)] = [d(m $ l)] - 
[r,+,/(m -I- 111. Then 
“=+[$]‘&-&] 
= (2m + 1) d _ (m + 1) rm f mrm+l 
2m(m + 1) 2m(m + 1) . 
Case (i). c, < 1 c 1 ,< [d/m]. 
Consider 
d 
d-$=2(mf l)+ 
(m + 1) rm -!- mm+, 
2(m + 1) 
i.e., 
d - m/c,,, 1 I 
d =2(m+ 1)’ 
(m f 1) rm + mr,+, 
2(m + 1) d * 
Then 
O<d--cm< 1 1 1 
. =- d ’ 2(m + 1) + 2(m + 1) mfl 
for d >, 2m2 - 1 = max{(m f 1) rm + mr,,,}. Now, c, < [ c 1 < [d/m] 
gives 
o < d - mWm1 \ md 
<d-mlcl <d--c, < 1 
md md ’ m(m + 1) 
i.e., 
1) 
for d>2mP- 1. 
If c > 0 then 
o++ l 
m(m + 1) 
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and therefore 
I.e., 
sign of c $-- < 
1 
m m(m + 1) * 
If c < 0 then ( c 1 = -c and thus 
I.e., 
o<;++< l m(m + 1)
sign of c $-- < 
1 
m m(m + 1) ’ 
We can prove Case (ii) similarly. 
LEMMA 3.2. Let m be a positive integer 22. Suppose that c/d is a rational 
number such that 1 c/d 1 < 4 and d > 2mZ - 1. Then there exists a rational 
number a = a/(m, ... m,), depending only on m, with integers mi satisfying 
2<m,< a** < m, < m such that 
Proof. If m = 2 then OL = 0 works. Let m > 2 and assume that the result 
is true for all positive integers < m - 1. For m - 1, there exists a rational 
number 0~’ = a’l(m, .-- m,-,), where 2 < m, < mp < .** < m,.-l < m - 1, 
such that 
Let c’ld = m, *.. m,,[(c/d) + OL’]. Then 1 c’/d 1 < l/(m - 1) < 4. If 
] c’/d 1 < l/m, we are through. Otherwise, by Lemma 3.1, there exists an 
integer m, such that m - 1 < m, < m and 
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Let OL = 01’ + (u,/m, mm* ,,m,) and consider 
l+I = I:+“+ml...~,-lm,I 
c’ a1 E.z 
ml --a rnreld T m, **. m,-e, 
1 
= m, ..- rnrmI 
< 
1 
w% -0. m,-,m,(m, + 1) 
< 
1 
ml ... m,m 
and hence the assertion follows. 
THEOREM 3.1. Let K be a number field. Suppose that A is an order of K 
with Z-basis w1 ,..., w, . Let m be a positive integer and deJine 
s(m, j) = (s(m, l)!) (s(m, 2)!) a.. (s(m, j - l)!) m 
inductively with respect o j, where s(m, 1) = m! Let M be the multiplicatively 
closed subset of Z generated by all primes <2(s(m, n))” - 1 = s. Then given [ 
in K, there exists tJ in A and a unit u in M such that 
uf=ef+wl+ . . . +ljIlwn 
witht,riinZandIr,/tI<l/mforl<i<n. 
Proof. We know that every element 5 of K can be written in the form 
with bi , t in 2 for 1 < i < n and t > 0. Now, by the usual divison algorithm 
we can find an element en in A CA, such that 
&e,+w,+ C, .-*+--ww,. 
t 
with ci in Z and 1 c,/t 1 < + for 1 < i < n. We can assume that 
t > 2(s(m, n))” - 1, for otherwise 5 - 0, is in A, and thus u = t and 
48113713-s 
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e = tf?, + CIW, + ... + c,w, work. Without loss of generality we can also 
suppose that / en/t 1 > l/[s(m, n)]. Then, by Lemma 3.2, there exists 
an = ani& , u, in M such that 
Let (c,$) + (a&,) = cn,Junt) and consider 
L-1 [-s,++n+lf...iT cn1 ' ---w mn-1 t II t n 
n 
1 %Cl =- 
%I ( 
%Al-1 I 
-wl + *** , 
Gl 1 
t 
t w',q 7 A w 
t 1 73 - 
Let .& = un(f - 8, + (an/u,) w,) and find Bn-1 in A C AM such that 
with ; ci,,/t I < + for 1 < i < n - 1 and 1 c,,,/t i < l/[s(m, n)]. If 
1 c,-,,,/t ( < l/Mm, 12 - l)], take a,-, = 0 and u,-~ = 1. Otherwise, by 
Lemma 3.2, we can find a,-, in 2 and u,-~ in M, unml < s(m, n - l)!, such 
that 
cn-1.1 , a,-, 
< 
1 
t z&-l un-lS(rn, 12 - 1) * 
Let (cn-l,l,+) + an-liu,-1 = C,+&U,-lt and consider 
Cl.1 =twl+ ..* , &a-P 1 h-12 G2 1 I I a?L',-2 f -2 wnpl -J- --.L- wn 
t %-lt t 
1 %-ICI 1 =- 
G-1 ( 
Lq+ t 
..* + 5-+L& + 5ywn-, 
%k-l&l +,wn . 
1 
Set knPz = u,+~(s~-~ - 8,-, + (a,-llu,-l) w,-1) and find &-z ln A C 4~ 
such that 
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with 1 ci,.Jt 1 < 8 for 1 < i < n - 2, 
G-1.2 I I < 1 t ’ s(m, n - 1) and / y&l / < +y-)U! . 
Proceeding in this way, we can find u = ui .*. u,+, in M with 
Iw2 a.* u,-~ 1 < (~(m, l)!) ... (~(m, n - l)!) and 
e = Ii1242 -** u,&,k - a,=4 + w2 ... u~-~(u~-~O~-~ - an-p,-,) 
+ ..- + (z+O, - a,w,) 
in A, such that 
withri, tinZand Ir,/tI <l/mfor 1 <i<n. 
Now let A be an order of K. Let M be a saturated multiplicatively closed 
subset of 2. Let q~ be the usual algorithm on 2. As in Proposition 1.1, we 
construct the algorithm v,+, on 2, . Consider the quotient ring A, . 
DEFINITION 3.4. For each nonzero a in A&r , set 6(a) = ~.W(N,lQ(a)). 
It can be seen that for all nonzero a and b in A,v, O(d) = B(a) O(b). 
Remark 3.1. If A, is integrally closed then, by Proposition 1.6, 
e(a) = n(a) for all nonzero a in A, . 
Proof of Theorem 3.2. We proceed by showing that A, is Euclidean 
with respect to 0 of Definition 3.4. Then from Remark 3.1, the required 
result will follow. 
Let A be an order of K and w1 ,..., w’, be a Z-basis of A. Let 
6 = (rJt> w1 + ... + (m/t) w, be any nonzero element of K, where yi, t are 
in 2 for 1 < i < n. Then 
where avl.. ” are in 2 and are independent of [. Let r = max,,l...V~{j u,,~...,~ I}. 
Let I be the iumber of solutions of x VI>0 vi = n. Now choose an integer m such 
that mn > r2. Let M be the multiplicative subset of Z generated by all primes 
<s = 2s(m, n)2 - 1, where s(m, n) = (s(m, l)!) (s(m, 2)!) ... (s(m, n - l)!) m, 
s(m, 1) being equal to m!. We assert that A, is Euclidean with respect to 8. 
By Lemma 1.1, A, is Euclidean with respect 0 if and only if given 6 in 
K - A, there exist an CY in A such that 
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Suppose .$ in K - A is given. By Theorem 3.1, there exists u in M and OL in A 
such that 
with rd , t in 2, t prime to M and ( r,/t , < l/m for 1 < i < 11. Then 
whence the assertion. 
Proof of Theorem 3.3. Let A be the ring of integers of k. By Theorem 3.2, 
we can find an integer s and a multiplicatively closed set M of 2 such that A, 
is Euclidean with respect to the norm. Let S be the set of primes fi of K such 
that either ir; divides a prime p of 2 with p < s, or # is an archimedean prime. 
Then AM = ($6x--s 9# . Let c = max+,,{n(j)} and S(c) = {+ in X:n(@) < c>. 
Then nttpx-s(c) fi 9 is Euclidean with respect to the norm, being a quotient 
ring of A, . 
We now show how to calculate constant c occuring in the above theorem. 
Remark 3.2. Let K be a number field given by the minimum integral 
equation 
y” f anplyn + ..* + qy + a, = 0. 
Suppose q ,..., cd, are its roots. 
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Let I(I~~] >l.Then 
implies 
< I (I,-~ I + I an-2 I + ... + I al I + I a0 I = P (e.g.). 
Notethat~>l.ThusILujI<l*I~~I<~. 
Now, we know that every element of K if the form g(y) = 
43 f&y + ... + LlY n-l, where XI’s are in Q. Then 
W(Y)) = ii d4 
i=l 
and 
Thus 
I N(g(y))l < Ylnhn . p-1). 
We may choose the integer m of Theorem 3.2 so that nn . pntn-l)/mn < 1. 
Note that m is determined in terms of the given integral equation of the 
number field K. By Theorem 3.1, we can adjust a given element g( r) so that 
1 hi ’ < l/m for all i, i.e., 1 h 1 < l/m. Then, by choice of m, 
1 N(g( y)) 1 < nn An /.A”‘“-1’ 
< yp L@ pnh-1) 
< 1, 
and therefore, as in Theorem 3.2, it follows that &, is ‘Euclidean with 
respect to norm. 
For quadratic number fields, the integer m and the set M of Theorem 3.2 
can be given precisely in terms of the discriminent as shown below. 
Proposition 3.1. Let K = Q(d)lla be a quadratic number field, where d is in 
Z and square free. Let A be the integral closure of Z in K. Then m, of Theorem 
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3.2, can be taken to be the smallest positize integer such that l/m < 9(3/, d j)V 
and take for M the multiplicative subset of Z generated by all primes < m, then 
A, is Euclidean with respect o the norm. 
Proof. Let (a,,/b) + (a,/b) (d)1/2 be any element of K. Choose 0 in A such 
that (a,/b) + (a,/b) (d)li2 - 0 = (a,‘/b) + (a,‘/b) (d)‘!’ with 1 a,‘,/b 1 < 3 for 
i=O, 1. Xow 
1 I\i [% + % (d)‘;2] 1 = 1 !$ - $w d 1 < 1 
if I(ai2/b2) d 1 < 2, i.e., if I a,‘jb / < $(3// d i)1/2. The required result will 
follow, as in Theorem 3.2, if we choose an integer m > 0 such that 
; < $ (-g2. 
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